We develop a mathematical model of a large-scale cracked Horizontal Axis Wind Turbine (HAWT) describing the flapping flexure of the flexible tower and blades. The proposed model has enough fidelity to be used in health monitoring applications. The equations of motion account for the effect of the applied aerodynamic forces, modeled using the Blade Element Momentum (BEM) theory, and the location and shape of a crack introduced into one of the blades. We first examine the static response of the HAWT in presence of the crack, and then we formulate the eigenvalue problem and determine the natural frequencies and associated mode shapes. We show that both shape and location of the crack influence the first four natural frequencies. The dynamic response of the HAWT subjected to wind and gravity is obtained using a Galerkin procedure. We conduct a parametric analysis to investigate the influence of the crack on the eigenstructure and overall dynamics. The simulations depict that the first four natural frequencies are reduced as the crack size become more important. We also conclude that the tower root moment may be considered as potential indicators for health monitoring purposes.
Introduction
Over the past two decades, several research studies have examined the dynamics of wind turbines to optimize their performance and improve their life duration. These studies used either complex finite element analysis or simple models to generate the dynamic response of such structures. However, these models are not suitable in heath monitoring applications where precise dynamic responses are needed in order to anticipate the presence of defect into the studied structure.
Nowadays, Structural Health Monitoring (SHM) is becoming a challenge in many field. In order to provide good performance and high level of safety for mechanical structure, a good monitoring is obligatory. In particular, development of SHM techniques for wind turbines is mandatory specially when hundreds of them are installed in wind farms. The aim of these techniques is to identify and locate defects in wind turbines. Once these defects are identified, necessary maintenance must be immediately planned to avoid hazardous failures and accidents, and thus, expand the life duration of these expensive structures.
We start by summarizing recent advances in modeling and simulation of Horizontal Axis Wind Turbine (HAWT). In fact, several studies demonstrated that in order to take into account the complex dynamics of HAWT, a multi-body coupled flexible system should be considered. In particular, Lee et al [1] proposed a dynamical model of a wind turbine considered as a flexible multi-body system. Using this model, they examined the dynamics that couple the flexible and rigid subsystems. Coupling of blade and tower vibrations was also investigated by simulating the blade base shear forces [2] . To study the blade-tower vibration coupling, Murtagh et al [2] introduced the effective shear force into the equation of the tower. The effect of the blade-tower coupling on the wind-induced response of a wind turbine tower using a finite element model is analyzed by Chen et al [3] . They concluded that the maximum displacement at the top of the tower increases in presence of the blade tower coupling. They also took into consideration flexibility of the blades made of glass reinforced plastic and they showed that wind loading impacts heavily the dynamic response of the tower.
For dynamic simulation purposes, model reduction is needed to estimate the response of the coupled system, especially when fluid-structure interactions are considered. A reduced order dynamic model of a HAWT is developed by Meng et al [4] using the Proper Orthogonal Decomposition method, which consists of selecting the dominant eigenvalues of the system. They used the obtained linearized model to analyze the aeroelastic stability of a large scale HAWT. Santos et al [5] used the first bending mode of HAWT's Blades, considered as Euler-Bernoulli beams, to discretize the equation of motion. They investigated the dynamics of the rotor-blade interaction and considered the blades as rotating flexible beams attached to the hub. They confirmed that the considered linear model correctly estimated the structural vibrations for a range of low rotor speeds where the stiffening effects is of minor importance. Murtagh et al [2] presented a time domain forced vibration analysis of a coupled wind turbine tower consisting of three flexible rotating blades connected to a flexible tower. They extracted the free-vibration properties of the rotating blades subjected to self-weight and centrifugal stiffening and they observed that the tower response decreased as the rotor speed increased because the blades became more stiff. The aeroelasticity of blades in HAWT should also be included in the dynamic analysis of the system to correctly estimate the dynamic response of the HAWT. The reader can find a review of the essential techniques to couple the aerodynamic loads with the time-dependent structural behavior of wind turbines in [6] . Some of the reviewed techniques are applied by Younsito model the aerodynamic forces. We formulate and solve the eigenvalue problem associated with the cracked model. We conduct a parametric study on the effect of the crack location and size on HAWT dynamic response.
Mathematical modeling of a flexible cracked HAWT
In this paper, we develop a linear model of a large-scale HAWT presenting a rectangular-shape crack in one of its blades. The equations of motion are derived using Hamilton's principle where the tower and blades are considered as flexible bodies. The resulting model describes the dynamic coupling of the tower and blades and examines the dynamics of the cracked wind turbine subjected to gravity and persistent wind loading.
Recently, a mathematical model of a HAWT, shown in Figure 1 (a), was developed by Kessentini et al [11] . This model considers flexible tower, flexible blades and rigid hub-nacelle system. In addition, their model does not account for the aerodynamic loading. In the current paper, we incorporate the effects of wind loading and crack on the HAWT dynamics. The tower is modeled as a uniform cantilever beam with a circular hollow cross-section. The three identical blades are modeled as uniform hollow cantilevers whose cross sections correspond to NACA (National Advisory Committee for Aeronautics) 4415 airfoil profiles. A full description of the flexible HAWT is given in Figure 1 (b) and Table 1 . To describe the HAWT 
attached to the tower base, the nacelle center of mass and the center of the blade system, respectively (see Figure 1) .
We assume that the tower vibrates in the (O, X,Y ) plane. Therefore, the position vector R T of an arbitrary point of the tower is given by
Consequently the position vectors R N and R Bi locating the nacelle center of mass and an arbitrary point of the i th blade (i = 1, 2, 3) are given by where the superscript T denotes the matrix transpose, v T is the flexural bending of the tower along the X-axis, θ i is the orientation of the i th blade with respect to the x N -axis, v Bi is the flapping deflection of the i th blade (along the x N -axis), y Bi is the space variable with respect to the blade's frame, and A and B i are the transformation matrices from (X,Y, Z) to (x N , y N , z N ) and from (x N , y N , z N ) to (x N , y Bi , z Bi ), respectively. These matrices are given by
where the prime denotes the space derivative and α is the pitch angle of the nacelle. The orientation of each blade is function of the rigid body rotation θ (t); i.e. θ i (t) = θ (t) + 2π
Equations of motion
The equations of motion of the system can be derived using the extended Hamilton's principle. To this end, we first develop the expressions of the kinetic and potential energies of the different parts constituting the flexible HAWT. The expressions for the total kinetic energy T and total potential energy Π are given by
where the super dot denotes the time derivative, g is the gravitation acceleration, i Y is the unit vector along the Y -axis, and '.' denotes the scalar product. The expression of the total work by the external forces is given by:
where F D T = −c TvT and F D Bi = −c BvBi are the damping forces associated with the tower and i th blade, respectively, and F x T , F x Bi and F z Bi are the aerodynamic forces applied to the tower and the i th blade along the X and Z directions, respectively, and τ θ is the input torque. In this paper, we assume that the crack, located in the first blade, remains open during the vibratory motion. In order to account for the location and shape of the crack (Figure 2 ), the first blade is divided into three sub-regions. They are given by
where y c and w c are the location measured from the blade root and the width of the crack, respectively. As a consequence, the integral terms in the expression of the total energy, are divided into the three sub-regions of the first blade. In region 2, because of the crack, the new cross section area (A C ) and second moment of area (I C ), calculated numerically, are given in Table 2 for a given crack depth (d c ). The crack depth is varied here all over the blade shell thickness. In addition the deflection of the first blade v B1 is replaced by three variables indicating the deflections in the different part of the first blade v B1k where k = 1, 2, 3 indicating the region number. Finally, applying the extended Hamilton's principle
and neglecting the nonlinear terms, associated with the flapping vibrations of the tower and blades, and assuming small values of the angle α yield
where
The associated boundary conditions are
Bi dy Bi = 0 (10)
y c +w c
The continuity conditions are as follows
The above equations describe the HAWT dynamics in presence of a crack in the first blade. The equations associated with the healthy (uncracked) model can be derived using equations (5)- (13) by setting the crack parameters (y c , w c and d c ) to zero. Therefore, the resulting model consists of a linear and coupled set of four partial differential equations (PDEs) with 16 boundary conditions, describing the flapping flexures of the tower and blades, and one ordinary differential equation (ODE) designating the rigid body dynamics of the hub rotation. Here, gyroscopic terms were taken into account within γ i parameters into equations (6-7). However, the influence of these gyroscopic terms is insignificant because of low speed of rotationθ. In this study the aerodynamic forces applied to the blades are modeled using the Blade Element Momentum (BEM) theory [21] . It is used to develop an analytical expression of the force F x Bi . To evaluate these forces, we determine the relative wind velocity U r and the flow angle φ (see Figure 3) . We assume that the HAWT rotates at constant angular velocitẏ θ, which can be maintained via regulation of the control torque τ θ applied to the hub. We also assume constant wind speed U ∞ . In the Figure 3 , a and a are, respectively, the axial induction and rotational induction factors. We consider small motions of the blades, and therefore, expressions for U r and φ can be further approximated by
HAWT aerodynamics
where λ y = y Bθ /U ∞ is the local speed ratio. Here, we set the twist angle β to zero, leading to the approximated angle of attack γ given by
The aerodynamic forces acting on the blades can now be approximated using expressions of the relative velocity U r and induced flow angle φ. For a blade element, the elementary applied lift (normal to U r ) and drag (parallel to U r ) forces are given by
where ρ air is the air density, c B is the chord length, and C L and C D are the aerodynamic drag and lift coefficients that are determined from experiments. With reference to a technical report by Reuss et al [22] , we compute, for a given angle of attack γ, the relative aerodynamic coefficients C L and C D from experimental data of a NACA 4415 airfoil section. The new aerodynamic coefficients C n and C t according to the relative wind frame at y B can be numerically determined from
For an optimum design of the blades, the axial and tangential factors a and a are set to 1 3 and 0, respectively [23] . Therefore, expressions of the local out-of-plane and in-plane forces for each blade are approximated by
We use a curve fitting technique to deduce polynomial expressions for F x Bi and compare them with the numerical data resulting from the use of BEM theory. We fix the parameters ρ air = 1.225, c B = 2.1, β = 0, a = 0.333 and a = 0 and vary U ∞ andθ. A parametric study is conducted to calculate the wind loading with different configurations. For non-rotating wind turbines, we assume that the wind speed remains less than the cut-in wind speed of 4 m/s [24] . In this case, the wind loading is constant over the blade span. For instance, a constant wind mean velocity of 3 m/s results in a wind loading of 12.643 N/m. For the rotating blade case, the angular speed is dependent on the wind velocity and can be determined for a given wind velocity from [24] . Figure 4 is due to experimental results according to [22] . (5)- (13), we obtain the mathematical model describing the static deflected configuration of the HAWT due to gravity and wind loading. We numerically solve the obtained linear ODE system for the static deflections.
In practice, the blades do not rotate either because of low wind speeds or activation of the braking system. Table 3 displays the maximum deflections of the tower and blades for the uncracked and cracked structure with a wind velocity of 3 m/s. In this simulation, we use a rectangular shape crack (y c = 10% L B , w c = 500 mm and d c = 15 mm). We notice that the crack influences remarkably the static behavior of the HAWT. 
Eigenvalue Problem
In this section, we formulate the eigenvalue problem associated with the cracked wind turbine. In particular, we seek approximations of the first eight natural frequencies and associated mode shapes of the HAWT in presence of the crack. These modes will be used later in the Galerkin procedure to approximate the dynamic response of the HAWT. To this end, we set θ(t), external forces and damping coefficients to zero and assume harmonic responses of the tower and blades; i.e.
where j is the complex number and ω is the natural frequency. ψ T (y T ), ψ B1k (y B ), ψ Bi (y B ) are the mode shapes associated with the flapping vibrations of the tower and blades, respectively. The subscript k denotes the sub-region number in the first blade. Therefore, the equations of motion (5)- (7) reduce to the following eigenvalue problem
where . The associated boundary conditions and continuity conditions (9)-(13) are remained unchanged.
Solving Equations (23), the mode shapes of the tower and non-rotating blades are given by :
In matrix form, the eigenvalue problem is simplified to:
where M e is the 24 × 24 frequency-dependent matrix and K e is the 24 × 1 vector of unknown constants. By equating the determinant of M e to zero, we obtain the characteristic equation from which we deduce the HAWT natural frequencies. By setting all the crack parameters to zero, we obtain the first eight natural frequencies associated with the uncracked wind turbine. These frequencies are listed as two sets as follows: Set 1: ω 1 = 2.77436 rad/s ; ω 2 = 2.89211 rad/s ; ω 3 = 2.89721 rad/s ; ω 4 = 6.47431 rad/s Set 2: ω 5 = 18.09992 rad/s ; ω 6 = 18.15656 rad/s ; ω 7 = 18.95892 rad/s ; ω 8 = 45.52565 rad/s Set 1 collects the first four natural frequencies of tower and blades associated with the coupled dynamics. In this set, the first three frequencies are closely spaced since the blades are identical. The frequency of a blade-like cantilever is 2.89722, which is nearly equal to the third frequency in the first set. This implies that the first three natural frequencies are reduced when the blades are dynamically coupled. Similarly, the first three frequencies of the second set are nearly equal to 18.1566 which corresponds to the second frequency of a blade-like cantilever. Likewise, for the tower, the fourth frequency in the first set and that in the second one (6.47431 and 45.52565) correspond to the first (8.88683) and second (55.6928) frequencies of a tower-like cantilever. This depicts that the tower's frequencies are lowered due to the mass of the nacelle-blade system attached to the tip of the tower. For validation purposes, we use the commercial code ABAQUS to determine the FEMapproximated natural frequencies and associated mode shapes of an uncracked HAWT and compare these results with the proposed analytical eigensolution.
In the Abaqus model, the nacelle, hub and connectors are considered as rigid bodies and the tower and blades as thinwalled structures. For this, FEM will incorporate a mixture of Tet and Quad elements. We assign to each component of the model the corresponding material and geometric properties as it was set in the analytical model. The tower is assumed to be rigidly attached at the root with the ground. We mesh the model with a mixture of Quad and Tet elements.
Figure (5) displays the first four mode shapes of the wind turbine calculated using Equation (24) and the commercial code ABAQUS. Table 4 provides a comparison of the proposed analytical model and FE model natural frequencies. We notice that the analytical and FE sets of frequencies and mode shapes are comparable, and thus, we confirm that the analytical model is valid for further dynamic analysis.
Next we conduct a parametric study to examine the influence of crack presence on the natural frequencies of the HAWT. Two cases, functions of the crack size, are considered. First, we maintain the crack at 10% of the chord length from the blade root and we set its width to 50 mm which corresponds to a small size of the crack. We vary the depth of the crack d c from 9 mm to 15 mm to seek its influence on the eigensolution of the cracked HAWT. The resulting first four natural frequencies for d c = 9 mm and d c = 15 mm are displayed in Table 5 . The second case consists of a large size of the crack in which the width is set to 500 mm and we maintain the crack position at 10% as it was considered in the previous case. Here, we increase the crack depth from 9 to 15 mm and we compute the variation of the first four natural frequencies of the cracked wind turbine in Table 6 . With reference to Tables 5 and 6 , we notice that the natural frequencies are slightly affected by varying the crack depth for small size of the crack. However, if we consider a large size of the crack, we notice a remarkably variation in the first natural frequency. Now, we examine the effect of the crack location on the natural frequencies of the wind turbine. To this end, we reconsider the two cases of the crack size corresponding to a depth of 9 mm for the small case (6) and (7). One more time, for a small size, the crack location does not influence significantly the natural frequencies of the HAWT. On the other hand, for large crack size, a significant variation in the first natural frequency of the cracked HAWT is notably remarked.
In conclusion, the variation in the natural frequencies of the HAWT is significantly affected by the presence of a large crack size mainly in the first frequency. Because of this variation is insignificant for small cracks, changes in natural frequencies may not be a good indicator of crack presence and location in structural health monitoring problems. For this, we emphasize the need to identify a set of parameters or variables that are sensitive to changes of HAWT performance due to the presence of cracks.
Dynamic Analysis
In this section, we investigate the dynamic behavior of the cracked HAWT structure subject to gravity and wind loading in presence of the crack. To this end, we discretize the coupled dynamical Equations (5)-(13) using the Galerkin method. The latter requires assumed modes that satisfy the boundary conditions of the original dynamics. We propose the use of mode shapes associated with the non-rotating wind turbine as assumed modes for approximating the dynamic response of the rotating structure. In this study, the angular velocity of the hub is maintained constant during rotation. This requires that the torque τ θ in Equation (8) be properly selected so that the right terms in this equation add up to zero, leading toθ = 0. In order to simulate the HAWT time response, we discretize expressions of the kinetic (T ) and potential (Π) energies of the HAWT structure and the work done by the external forces (W ) using the Galerkin method. Therefore, the dynamic deflections of tower and blades are expressed as
where v s T (y T ), v s B1k (y B ) and v s Bi (y B ) are the static deflections, ψ
T , ψ
B1i and ψ
Bi are the mode shapes of the non-rotating HAWT, m is the number of mode retained in the galerkin procedure and q j (t) are the modal amplitudes. We use the Lagrange 
where = T − Π. The resulting equations of motions can be put into the following matrix form
where q = {q 1 (t), q 2 (t), . . . , q m (t)} T , M, C and K are the mass, damping and stiffness matrices characterizing the discretized dynamics, and F is the input vector characterizing the gravity and wind loadings. We focus here on the time response of the HAWT structure subject to gravity and wind loading in presence of the crack. For this, two different working configurations of the wind turbine are examined by referring to [24] . The first configuration, called non-rotating wind turbine, consist of a low wind loading applied to the blades. This loading is constant over the blade span and does not involve the rotation of the rotor. To this end, we setθ andθ to zero and the wind velocity to 3 m/s. For the rotating blade case, the second working configuration, we assume a constant velocity of rotationθ by means of the hub control system and we set the wind velocity to 4.5 m/s.
In this study, we assume that α = 0 and neglect the external forces on the tower; i.e. F x T = 0. In fact, the effects of α and θ on the eigenstructure of a non-rotating wind turbine was shown to be insignificant [11] . We also assume that the damping coefficients C T and C B are selected such that the first-mode damping ratio of the overall structure is 2.3%. We consider an initial energy distribution of the HAWT caused by an impulsive force applied at the nacelle (tower tip), resulting in a nonzero initial modal velocities. Because of the impulsive force, the equation of motion of the tower becomes
where F 0 is the amplitude of impulsive force and δ (y T − L T ) is the Dirac function with concentration at L T . By setting F 0 to 0.1 N/m, we output the time response of the HAWT. We verify that for the dynamical model the first four (eight) natural frequencies are well recovered by solving the eigenvalue problem associated with the discretized system (29) for m = 4 (m = 8). First, we check the convergence of the solution as we vary the number of mode shapes retained in the Galerkin (9) for rotating and non rotating blades. We notice that for large times, the HAWT structure recovers its static equilibrium, shown as zero deflection in Figures (9) and expressed numerically in Table ( 3), resulting from gravity and wind loading. In the case of rotating blades, the dynamical Equation (29) is time-dependent due to the hub rotation. In this analysis, the rotation speed is set to π 2 and the mode shapes associated with the non-rotating wind turbine are used to approximate the dynamic behavior of the rotating HAWT. In Figures (9) we fixed also the small crack location at 10% of the chord length from the blade root and we set the width and the depth of the crack to w c = 10 mm and d c = 9 mm, respectively. In addition to considering the maximum deflections of the tower and blades in the simulated responses, for the cracked model analysis we examine the maximum moments occurring at the roots of the tower. It's expressed by
We chose to treat this root moment in particular because it's easy to be measured in the real structure. Which is not the case of the other moments. In the next section we will analyze the possibility of using the variation of this root moment to follow the health monitoring of the HAWT.
Health Monitoring
For SHM purposes of HAWT, we analyze the possibility of using the tip deflections and the root moments responses to detect presence of cracks.
According to Figures (9) the hub rotation helps more to detect the influence of the crack in one of the blades. As a result we simulate the response of the HAWT in the presence of crack and rotating hub and look at the tip displacement and root moment errors, i.e. the difference between the unhealthy and healthy structure, in Figures (10) . Inspection of different time responses depicts that the damaged blade is more sensitive to the crack presence and that the tower had the most dominant response for the root moment simulations. Next, we look at the first blade tip deflection and tower root moment for the rotating case using different crack sizes. We start by investigating the influence of the crack parameters on the HAWT performances, we vary the crack width, position and depth and look at the time responses of the tip deflection of the first blade and the root moment of the tower. In Figure (11) we plot the time responses of the tip deflection of the first blade and the root moment of the tower using different crack widths, the vibration amplitudes at steady state are increased as the crack width is larger. The same observation are made when we reduce the crack-blade root distance or increase the crack depth as seen respectively in Figures (12 and 13) . Remarking the large variation in the time response of the root moment Fig. 11 . Influence of the crack width on the tip deflection of the first blade and root moment of the tower of the tower, we notice that this latter is a potential indicator for the crack occurrence on the blades. For practical reasons of root moment measurement difficulties, it is possible to approximate its value by looking at the displacement in some specific point of the tower. We recommend here the use of a numerical technique to approximate the root moment of the tower such as the Differential Quadrature Method (DQM). This method approximates such moment at a given sampling point (N) as a linear combination of the nodal displacements [25] ; i.e. The non-dimensional form of the tower displacement is given by w j (τ) = v T y T j ,t L T Figure (14) compares the simulated tower root moment with the DQM-approximation. We notice that both curves are comparable, depicting that the tower moment can be approximated via sensor measurement of the nodal displacements. 
Conclusions
We developed a mathematical model of a flexible HAWT with cracked blade. This model consists of linear and coupled set of dynamical equations. The aerodynamic forces acting on the blades were determined using the BEM theory. We formulated the associated eigenvalue problem and derived an analytical eigensolution. We contrasted this analysis with FE simulations and depict that both mathematical and FE solutions yield comparable results. To solve the equations of motion describing the HAWT dynamics, the Galerkin procedure was used with the non-rotating wind turbine mode shapes taken as test functions. The convergence of the approximated solution in terms of retained number of modes in the Galerkin procedure was examined and a number of four modes was chosen.
